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Abstract. In this paper, we introduce the stress-energy tensors of the partial energies 
E' (/) and E"(f) of maps between Kahler manifolds. Assuming the domain manifolds 
poss some special exhaustion functions, we use these stress-energy tensors to estab- 
lish some monotonicity formulae of the partial energies of pluriharmonic maps into any 
Kahler manifolds and harmonic maps into Kahler manifolds with strongly semi-negative 
curvature respectively. These monotonicity inequalities enable us to derive some holo- 
morphicity and Liouville type results for these pluriharmonic maps and harmonic maps. 
We also use the stress-energy tensors to investigate the holomorphic extension problem 
of CR maps. 



Introduction 

In 1980, Baird and Eells [BE] introduced the stress-energy tensor for maps between 
Riemannian manifolds, which unifies various results on harmonic maps. Following 
[BE], Sealey [Se] introduced the stress-energy tensor for p-forms with values in vec- 
tor bundles and established some vanishing theorems for harmonic p-forms. Since 
then, the stress-energy tensors have become a useful tool for investigating the energy 
behavior of vector bundle valued p-forms in various problems. Recently the authors 
in [DW] presented a unified method to establish monotonicity formulae for p-forms 
with values in vector bundles by means of the stress-energy tensors of various en- 
ergy functionals in geometry and physics. Since the stress-energy tensors are 2-tensor 
fields, we may get 1-forms by contracting them with vector fields. The divergence 
of these 1-forms then leads to a fundamental integral formula, which is naturally 
linked to conservation laws. The integral formula turns out to be a useful tool for 
establishing monotonicity formulae of the energies, provided that the p-forms satisfy 
the conservation laws and the radial curvatures of the domain manifolds satisfy some 
pinching conditions. Besides their possible applications in regularity problems, these 
monotonicity formulae enable us not only to deduce some vanishing theorems for 
p-forms under suitable growth conditions, but also to investigate constant Dirichlet 
boundary value problems for 1-forms. In [DW], the authors mainly used the distance 
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function of a complete Riemannian manifold to construct the vector field in the inte- 
gral formula. The Hessian of the distance function appears naturally in the integral 
formula. Consequently they used Hessian comparison theorems and coarea formula 
to obtain their results. For the purposes of this paper, we will consider more general 
exhaustion functions on domain manifolds to construct vector fields in applying the 
integral formula. Assuming that the domain manifolds poss some suitable exhaustion 
functions, we may also establish some monotonicity formulae for the p-forms which 
satisfy the conservation laws (see Proposition 1.2 in §1). 

In [Si 1,2], Siu studied the holomorphicity of harmonic maps from compact Kahler 
manifolds into compact Kahler manifolds with strongly negative curvature or compact 
quotients of irreducible symmetric bounded domains. The basic discovery of Siu was 
a <9<9-Bochner formula for harmonic maps which does not involve the Ricci curvature 
tensor of the domains (this is where Kahlerianity of the domains enters). Using his 
modified Bochner formula and integration by parts, he proved a vanishing theorem 
which implies that the harmonic maps in question are actually pluriharmonic and 
some curvature terms of the pull-back complexified tangent bundles vanish. The 
vanishing curvature terms, under the assumption of sufficiently high rank, forces the 
maps to be either holomorphic or anti-holomorphic. Later, Sampson [Sa] extended 
Siu's technique to treat harmonic maps of compact Kahler manifolds to more general 
targets. In particular, he showed that harmonic maps from compact Kahler manifolds 
to Riemannian manifolds with nonpositive Hermitian curvature are pluriharmonic 
too. In [Li] and [PRS], the authors generalized Sampson's pluriharmonicity result to 
noncompact setting by assuming some growth conditions on energy of the harmonic 
maps. On the other hand, some authors have investigated the holomorphicity or 
pluriharmonicity of stable harmonic maps from compact Kahler manifolds (cf. [SY], 
[Ud], [OU]). We refer the reader to [To] for other related progress not mentioned here. 

In this paper, we investigate harmonic maps between complete Kahler manifolds. 
When the domain Kahler manifold is complete (noncompact), the idea of the dd- 
Bochner technique in [Sil,2] together with the integration by parts does not work 
any more and the holomorphicity problem of the harmonic map is largely unknown. 
Notice that for a smooth map / : M — » N between two Kahler manifolds, one may 
introduce two 1-forms a and r with values in f~ x TN whose vanishing characterizes 
the holomorphicity and anti-holomorphicity of the map respectively. Actually a = 
df+df and r = df + df if a and r are complexified (see §2). The L 2 energies of a and 
t are just the partial energies E"(f) and E'(f) respectively. Therefore we have the 
stress-energy tensors S a and S T corresponding to a and r respectively. It is natural to 
attempt to apply S a and S T to investigate the energy behavior of the partial energies 
and obtain vanishing theorems for a and r. For this purpose, we assume that the 
domain manifolds poss some suitable exhaustion functions. The advantages of using 
more general exhaustion functions instead of the distance functions in establishing 
monotonicity and vanishing results are that one may not only relax the curvature 
conditions on the domain manifolds but also has more choices for constructing suitable 
vector fields in the integral formula. Fortunately some classes of complex manifolds 
poss the required exhaustion functions. As the results of this method, we obtain the 
pluriharmonicity of a harmonic map, the monotonicity formulae for partial energies 
of a pluriharmonic map or a harmonic map, the holomorphicity and constancy of a 
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pluriharmonic map or a harmonic map, and the holomorphic extensions of CR maps, 
etc. 

Our method is based on the formulae (1.12), (1.13) for a and r, and computing 
div(S a ) and div(S T ). There are two 1-forms 7 and p arising naturally in div(S a ) and 
div(S T ). Then we derive the divergence formulae of 7 and p, which are Weitzenbock- 
type formulae involving only the square norm of the (1, l)-part of the second fun- 
damental form Vdf and the curvature of the target manifold. Assuming the do- 
main Kahler manifold posses some exhaustion function, these two divergence formu- 
lae enable us to prove that a harmonic map into a Kahler manifold with strongly 
semi- negative curvature is pluriharmonic if either |<9/| 2 or \df\ 2 satisfies some non- 
integrability condition (see Theorem 3.6). It follows that if one of the partial energies 
has growth order at most 2 (with respect to the exhaustion function), then the har- 
monic map is pluriharmonic (see Corollary 3.7) . In this way, we generalize Siu's 
pluriharmonicity result to the non-compact setting. While the authors in [PRS] con- 
sidered more general targets in their pluriharmonicity result by assuming the non- 
integrability condition on the energy density, we only assume the nonintegrability 
condition on one of the partial energy densities to derive the pluriharmonicity. 

Next we investigate the monotonicity and holomorphicity of harmonic maps be- 
tween Kahler manifolds. First, we show that if / : M — > N is pluriharmonic, then a 
and r satisfy the conservation laws, that is, divS a = divS T = 0. Assuming M posses 
a special exhaustion function (see (4.1), (4. 2) and (4.3)), it turns out that the condi- 
tions of Proposition 1.2 are satisfied in this case. Hence we are able to establish the 
monotonicity formulae for the partial energies of the pluriharmonic map (see Theo- 
rem 4.3). It follows from the known comparison theorems that the distance functions 
of some complete Kahler manifolds become special exhaustion functions if their ra- 
dial curvatures have some suitable upper bounds (see Lemma 4.6). This leads to the 
monotonicity formulae of pluriharmonic maps from these complete Kahler manifolds. 
Remarkably no curvature conditions are assumed on the targets for these results on 
pluriharmonic maps. When a harmonic map between two Kahler manifolds is not 
pluriharmonic, a and r don't satisfy the conservation laws in general. Due to this 
non-conservativity, we can not apply Proposition 1.2 directly to a and r. However, 
if the target Kahler manifold has strongly semi-negative curvature, the fundamental 
integral formulae related to the stress-energy tensors are still applicable, because both 
div(S a ) and div(S T ) contracted with suitable vector fields have some non-negativity 
(see Lemma 4.9). Therefore one may establish the monotonicity formulae of harmonic 
maps from certain Kahler manifolds to Kahler manifolds with strongly semi-negative 
curvature too (see Theorem 4.10). Besides the global monotonicity formulae, we also 
obtain some local monotonicity formulae for partial energies of pluriharmonic maps 
into Kahler manifolds or harmonic maps into Kahler manifolds with strongly semi- 
negative curvature. Here, by "local" we mean that the monotonicity formulae hold 
either in a neighborhood of a point or outside a compact subset. Notice that the au- 
thors in [DW] assumed some curvature pinching conditions to establish monotonicity 
formulae for general p-forms. However, the special properties (2.12) of a and r en- 
able us not only to establish the monotonicity formulae on domain Kahler manifolds 
whose curvatures only have some upper bounds, but also to deduce the monotonicity 
formulae outside a compact subset. All these monotonicity formulae imply immedi- 
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ately the holomorpicity of the harmonic maps or pluriharmonic maps under suitable 
growth conditions on the partial energies. In particular, Liouville type theorems fol- 
low from suitable growth condition on the energy of the maps. We should mention 
that a somewhat related approach has been used by other authors, see e.g. [Ta 1,2]. 
However, he used a integral formula technique to estimate the energy of harmonic 
maps between Kahler manifolds (not the partial energies) and was forced to get only 
Liouville type results. Our method of using stress energy tensors seems to be easily 
operational and can also be used to simplify the arguments in [Tal,2]. 

The classical Bochner theorem [Bo] asserts that if / is a smooth CR function 
on the smooth connected boundary dD of a bounded domain D in C m , then / 
can be extended from dD to D so that / is holomorphic in D. The Bochner type 
holomorphic extension problem for maps between Kahler manifolds becomes a much 
harder problem, which has been studied by several authors. In [Si2], [Sh], [NS], [Wo] 
and [CL], the authors took a harmonic map approach by using Siu's dd— Bochner 
formula. The basic procedure for this problem is as follows: First, one may find a 
harmonic extension / of the boundary map by the existence result of Hamilton [Ha] 
and Schoen [Sc]. Next, try to derive the holomorphcity of the harmonic extension. 

Notice that the harmonic extension / satisfies the tangential Cauchy-Riemann 
equation on dD if and only if the 1-form a annihilates any tangent vector in the holo- 
morphic distribution H of dD, that is, a\n = 0. In their generalization of Karcher- 
Wood theorem about constant Dirichlet boundary problem for harmonic maps [KW] , 
the authors in [DW], using the stress-energy tensor and its related integral formula, 
proved that if a 1-form with values in a vector bundle satisfies the conservation law 
over a starlike smooth domain O in certain Riemannian manifold and annihilates any 
tangent vector of <9fi, then the 1— form vanishes on O. We show that this method can 
also be applied to investigate the vanishing of a, although it only annihilates vectors 
in a subbundle of T(dD). Here (2.12) plays an important role too. Consequently we 
are able to give an alternative proof of the result in [CL](see Proposition 6.6) and 
obtain some other holomorphic extension results not included in [Si2], [Sh] and [CL] 
(see §6 for details). 

This paper is organized as follows. In §1, we recall some basic notions and formulae, 
and then describe briefly the approach of [DW], but in a slightly generalized way. 
In §2, we introduce the stress-energy tensor S a and S T corresponding to a and r 
respectively. The relationship among the stress-energy tensor S / introduced by Baird- 
Eells [BE] and the stress-energy tensors S a , S T are discussed. In §3, we give some 
criteria for the pluriharmonicity of a harmonic map between Kahler manifolds. §4 and 
§5 are devoted to the monotonicity formulae and holomorphicity of a pluriharmonic 
map or a harmonic map between Kahler manifolds. Finally, in §6, we investigate the 
holomorphic extension problem of a CR boundary map. 

1. Monotonicity formulae and vanishing results of p- forms 

Let (M, g) be a Riemannian manifold and £ : E — > M a Riemannian vector bundle 
over M with a metric compatible connection V E . Let A p (^) denote the space of 
smooth p- forms on M with values in the vector bundle £ : E — > M, that is, A p {^) = 
T(A P T*M® E). The exterior covariant differentiation d v : A p (£) ->• A p+1 (£) relative 
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to the connection V E is denned by (cf. [EL]) 

p+i 

d v u(X 1 ,...,X p+1 ) = ^(-iy+ 1 V E i (u(X u ...,X i ,...,X p+1 )) 

(1.1) 

+ J^(-iy+iu([X i ,X j ],X 1 ,...,X i ,...,X j ,...,X p+1 ) 

i<j 

where the symbols covered by^are omitted. Since the Levi-Civita connection on TM 
is torsion-free, we also have 

p+i 

(1.2) (d v W )(l 1 ,...,X p+1 ) = ^(-l) !+1 (Vx ! a;)(l 1 ,..,i l ,..,l p+1 ). 

i=i 

The induced inner product on A P T*M <g> E x is defined as follows: 
(1-3) <a,fi>= < a ( e ti>->ei p )»/3(e il ,...,e ip ) > Ex 

ii<--<ip 

where {ei,...,e m } is an orthonormal basis of T X M, Vx G M. Relative to the Rie- 
mannian structures of E and TM, the codifferential operator 5 V : A p (^) — y A p_1 (£) 
is characterized as the adjoint of d v via the formula: 

/ < d v u, 9 > dv g = <u, 5 V 6 > dv g 
Jm Jm 

where u G A p_1 (£), 9 G A p {^), one of which has compact support. Then 
(1.4) (5 v ^)(X 1 ,...,X p _ 1 ) = -^(V e ^)(e,,X 1 ,...,X p _ 1 ). 

i 

Let / : M — y N be a smooth map between two Riemannian manifolds. The pull-back 
bundle f~ x TN is endowed with the pull-back Riemannian structure. The differential 
df may be regarded as an element of A 1 (f~ 1 TN). The energy of / is defined by 
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(1.5) E(f) = 1 I \df\ 2 dv : 



M 



In [BE], Baird-Eells introduced the stress-energy tensor Sf associated with E(f) as 
follows 

(1-6) S f = ^g-dfQdf 

where df df G Y{T*M ® T*M) is a symmetric tensor defined by 

(dfQdf)(X,Y) =<df(X),df(Y)>. 
5 



Then they proved that a harmonic map satisfies the conservation law, that is, divSf = 
0. 

In general, we may introduce the following energy functional for u G A p (^) 

(1.7) F(u) = [ \u\ 2 dv g . 

The stress-energy tensor associated with F is a symmetric 2-tensor field given by (cf. 
[Se], [Xi], [Ba]): 

(1.8) S U (X, Y) = ^-g(X, Y)-(uQ u)(X, Y) 

for any 1,7 e TM, where u0u denotes a 2-tensor field defined by 

(1.9) (w0w)(I,F) =< ixw,iyu>. 

Here ix^J G A p_1 (£) denotes the interior product by X G TM , that is, 

(1.10) (ixujWi, y p _o = u/(x, r l5 y p _o 

for any y, G TM, 1 < I < p - 1. 

For a 2-tensor field T G r(T*M <g> T*M), its divergence dziT G T(T*M) is defined 

by 

(1.11) (divT)(X) = J2(V ei T)(e i ,X), VXGTM 

i 

where {e;} is an ortho normal basis of TM. 

Lemma 1.1. (cf. [Se], [Xi], [Ba]) {divS U] )(X) =< 5 v u,i x u > + < i x d v ui,ui > 

Definition 1.1. u G A p {^) is said to satisfy the conservation law if S u is divergence 
free, that is, divS^ = 0. 

For a vector field X on M, we denote by Ox its dual one form, that is, 

e x (Y) = g (x,Y), vr GTM. 

The covariant derivative of Ox gives a 2-tensor field VOx '■ 

(V0 x )(Y, Z) = (V z 0x)(Y) = g(V z X, Y), VY, Z G TM. 

If X = Vip is the gradient of some smooth function ip on M, then Ox = dip and 
V0 X = Hess{ip). 

For any vector field X on M, a direct computation yields (cf. Lemma 2.4 of [DW]): 

(1.12) diviixSu) =< S w , V0 X > +{divSu){X). 
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Let D be any bounded domain of M with C 1 — boundary. By (1.12) and using the 
divergence theorem, we immediately have the following integral formula (see also [Xi] , 
[DW]): 

(1.13) / S u (X,u)dv 9D = f [< S U ,V6 X > +(dwS u )(X)]dv g 

J 3D J D 

where v is the unit outward normal vector field along dD. In particular, if u satisfies 
the conservation law, then 

(1.14) / S u (X,u)= [ <^,W X >. 

J 3D J D 

From now on, we often omit the volume elements in integral formulae for simplicity 
when the integral domains are clear. 

Definition 1.2. A function $ : M — > R is called an exhaustion function for a 
manifold M if for every t G R the sublevel set {x G M : 3>(x) < t} is relatively 
compact in M. The sublevel set {x G M : $>(x) < t} will be denoted by B$(t). 

Now we assume that $ is a Lipschitz continuous exhaustion function for a Rie- 
mannian manifold M satisfying the following conditions: 

(1.15) $ > and a = sup x6M |V$| 2 is finite; 

(1.16) $ = $ 2 is of class C°° and ^ has only discrete critical points. 

It is a known fact that if a Riemannian manifold posses an exhaustion function $ 
with the property (1.15), then it is complete. Actually let r be the distance function 
relative a point o G M and xt a Cauchy sequence of M. The triangle inequality implies 
that r(xk) < C for some constant C. It follows that | <&(#&) | < |$(o)| + y/ar(xk) < 
|$(o)| + y/aC. By the properness of we see that the sequence Xk — > x G M, that 
is, M is complete. 

Proposition 1.2. Let M be a Riemannian manifold and let $ be an exhaustion 
function with properties (1.15) and (1.16). Suppose £ : E — > M is a Riemannian 
vector bundle on M and u G A p (£) satisfies the conservation law. If there exists a 
positive constant f3 such that 

(1.17) < S u ,Hess(V) >> fi\u\ 2 

then 



4/ M 2 <^, 

Pi Jb*( Pi ) Pi JBg,( P2 ) 



for any < p\ < p2, where A = (3/a. Furthermore, if J B<p ^ M 2 = o(t A ) ( as t — > oo), 
then u) = 0. 

Proof. Set X = |V(*) = $V$. Obviously (V^)|aB*(i) is an outward normal vector 
field along dB$>{t) if t > is a regular value of By (1.8), we have 



M 2 

S U (X, u) = t< V$, z/ > [J— ! l^w 



(1-19) + „ |2 2 

2 
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on dB*(t). It follows from (1.14), (1.17) and (1.19) that 

(1.20) tyfa f > | f \ u \ 



By the co-area formula, we have 



d f , |2 d r f f \u) 



dt .l B *(t) dt Jo JdB*(s) |V$ 



idl 



2 

)ds 



|2 

(1.21) 



a; 



ss*(t) |V$| 

> -4= / k-i 



JdBg,(t) 

Dividing both sides of (1.20) by a, we obtain from(1.20) and (1.21) that 



4f M 2 >a/ 

dt JB^(t) Jb. 



'B*(t) J B<s,{t) 

where A = /3/a. Hence we get 

(1.22) |( /g * ( ;i M )>0- 

This proposition follows immediately from integrating (1.22) on [p 1; p 2 ]- D 
Remark 1.1. 

(a) A more general monotonicity inequality holds if one further assumes either | V<E»| 
const, or ^ |^^| 2 > a.e. on M. In both cases, the first line of (1.19) yields 

\u\ 2 

SUX,") <ty/a(^- - \i v u\ 2 ) 



and thus 



t^/a \u\ 2 - /3 \u\ 2 >2t^ \iM 2 - 

JdB&it) JB<b(t) JdB&tt) 



'dB^(t) JBg,{t) JdB^(t) 

Similar arguments imply that 



d J B *(t) M\ . 2t 



-A 



dt { ¥ 

Hence 

1 f 9 f P2 fan n\ Ki/Wl 2 

1 2 1 / I i2 \ / JdB<s,{t) I " I 



„A / M " 7A / M > ^= / 7a <*t 

for any < p\ < p2- 

(b) The proof of Proposition 1.2 shows that the monotonicity formula still holds if 
one assumes J B / t \ divS UJ (X) > for t > instead of assuming divS u = 0. We will 
consider these important non-conservative cases too. 

We will apply Proposition 1.2 to investigate the monotonicity and holomorphicity 
of harmonic maps and pluriharmonic maps between Kahler manifolds. 



2. The stress-energy tensors of df and df 



A Hermitian metric on a complex manifold M is a Riemannian metric g such that 
g(JX,JY) = g(X,Y), VX, Y e TM, where J denotes the complex structure of M. 
We say that (M, is Kahler if J is parallel with respect to the Levi-Civita connection 
of g, that is, VJ = 0. 

We denote by < •, • > the (real) inner product of tensor bundles of M induced by 
g. The complex extension of the inner product is still denoted by < •, • >. Define the 
Hermitian inner product <C •, • by 

(2.1) < u,v >=< u,v > . 

Henceforth (M m , g) and (iV n , h) will denote Kahler manifolds of complex dimen- 
sions m and n respectively. Let / : M — > N be a smooth map from M to N. The 
complex structure of M (resp. N) gives a decompositions of TM C (resp. TN C ) into 
tangent vectors of type (1, 0) and type (0, 1). Then we have 

(2.2) TM C = T 1,0 M © T 0,1 M, TN C = T 1,0 N © T 0,1 N. 

By restricting and projecting the complexified differential df : TM C — > TN C to the 
subbundles in (2.2), we have the following bundle maps (cf. also [Si2] ) : 

df : T 1,0 M ->• T 1,0 N, df : T 0,1 M ->• T h °N 
(2 3) _ 

9/ : T 1,0 M ->• T 0,1 N, df : T 0,1 M ->• T 0,1 N. 

The energy functional of maps is defined by £(/) = | J M |d/ 1 2 , where the energy 
density is 

(2.4) i|#| 2 = 1]T{< df( ej ),df( ej ) > + < dfiJej^dfiJej) >} 

in terms of an orthonormal basis {e i: Je>i\i=\,..., m £ TM. Set 

(2.5) Tfo = -j=(ej - Uej), r }J = fj j = -^=(e 3 + Ue 3 ). 

Then < 77^ , >=< ?7j, >= Sjk, that is {?7j}yLi (resp. {rfj}]Li) is a unitary basis 
of T^°M (resp. T^M). The partial energy densities of / are defined by 

m m 

(2.6) \df\ 2 = « », |a/| 2 = £ « df( Vj ),df( Vj ) » . 

i=i j=i 

A direct computation gives 

l^l 2 = 4 E< < 4f(ei),4T(ei) > + < dfiJe^^fiJej) > 

-2<df(Je j ),J'df(e j ) >} 
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and 



1 m 

\ Q f\ 2 = 4 E< < 4f(e;),4f(ei) > + < df(Jej),df(J 



3 = 1 

+ 2<df(Je j ),J'df(e j )>}. 



Hence we have 

E(f) = E'(f) + E"(f) 

where E'(f) = J M \df\ 2 and E"(f) = J M \df\ 2 are the partial energies of / respec- 
tively. The map / : M — > N is called holomorphic (resp. anti-holomorphic) if 

df o J = J o df (resp. df o J = — J' o <if ) 

which is equivalent to df = (resp. df = 0). 

For a smooth map / : M — > N, we introduce two 1— forms a, r G A 1 (f~ 1 TN) as 
follows: 

(2.7) .(x) = «m±pnm 

and 

(2.8) r(X) = ghjjW 
for any X G TM. Then (2.7) and (2.8) yield 

(2.9) ,(«) = = _ JV(X) 
and 

(2.10) r(JX) = = j> T(X) . 

By complex extension, we may regard a and r as sections of T*M C <g> f~ 1 TN c . By 
(2.9) and (2.10), we have 

a : T^M ->■ T 1 ' ^, a : T 1,0 M ->■ T 0,1 N 
<y2 ' 11 ^ r : T lfi M ->• T 1,0 N, t : T°^M ->■ T 0,1 N 

and 

< a(JX),a(jy) >=< a(X),a(y) > 

^ ' j < r( JX), r(jy) >=< r(X), r(Y) > . 
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It turns out that (2.12) is important for studying the paritial energies of a map. By 
(2.7) and (2.8), we also derive 



m 



\a\ 2 = 



J2i< ^(e J ),^(e J ) > + < a(Jej),a(Jej) >} 

- m 

-J2l< dfie^^fiej) > + < dfiJe^^fiJej) 
-2<df(Je j ),J'df(e j ) >] 



and 



Therefore 
(2.13) 



J2i< T{ej),T{ej) > + < T{Jej),T{Jej) >] 

m 

-Y}< dfie&dftej) > + < d/(Je,),#(Je,) 
i=i 

+ 2<rf/(Je J ),J / rff(e J )]. 

|a| 2 + |r| 2 = |#| 2 

|a| 2 = 2|d/| 2 , |r| 2 = 2|«9/| 2 . 



Recall that the map / is said to be harmonic if it satisfies the Euler-Lagrange 
equation of the energy functional E(f), that is, 

2m m 

(2.14) ^(Vrff)(e A ,e A ) = 2^(V C (f)(^,^) = 

where Vdf denotes the second fundamental form of / ([cf. [EL]). 

Lemma 2.1. If f : M ^ N is a harmonic map between Kahler manifolds, then 
S v a = 8 v r = 0. 

Proof. Let {e J 4} y 4=i,...,2m = {e^, •/ei}i = i v .. jm be an orthonormal frame field around 
p G M such that (V eA es) p = 0. Since / is harmonic, we have 

2m 



5 V a = -]T(V eA a)(e A ) 

2m 

= -^V eA [d/(e,) + /« 



= -^'(V4f)(Je^,e A ) 

= -jEW)^' 6 *) " (V4f)(ei, Je*)] 
i=i 

= 0. 
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Likewise we have 5 v t = 0. □ 

By definition, the stress-energy tensors of a and r are given as follows: 

S a (X, Y) = ^-g(X, Y) — a Q a(X, Y) 

( 2 - 15 ) | |2 

S r (X, Y) = ] -^g(X, Y)-tQt(X,Y). 

Using (2.12), we obtain S a (JX, JY) = S a (X,Y) and S T (JX, JY) = S T (X,Y). This 
shows that S a and S r are (1,1)— type tensor fields, according to the decomposition 
T*M C T*M C = T*^ 2 '°^M © T* (lil) M © T* (0 ' 2) M. 

We hope to find the relationship among the three stress-energy tensors 5/ , S a 
and S T . From (1.6), (2.13) and (2.15), we get 

(2.16) S f - [S a + S T ] = \[(dfj) (dfJ) -dfO df}. 

Write = \[(df o J) (df o J) - df d/]. For any two vector Z, W G T^M, we 
obtain 

= \[h(idf(Z), -idf(W)) - h(df(Z),df(W))} 
= 0. 

This implies 

(2.17) S { /' 1] =S a + S T , = S< 2>0) + 4°' 2) - 

Definition 2.1. A map / : M -> iV is called pluriconformal if J is isometry w.r.t. 
dfQdf, that is, = 0. 

For any Z = X - iJX, W = Y - iJY G T 1,0 M, we have 

(f*h)(Z, W) = (df df)(X, Y) - (df df)(JX, JY) 

- i[(df df)(X, JY) + (df df)(JX, Y)}. 

Therefore / is pluriconformal if and only if (/*/i)( 2 '°) = or equivalently (f*h)^ ' 2 ^ = 
0. Clearly iholomorphic maps are pluriconformal. However the converse is not true 
in general. By (2.16), Sf = S a + S T if and only if / is pluriconformal. Note also that 
the notion of pluriconformal maps may be defined for maps from a Kahler manifold 
to a Riemannian manifold, that is, the target manifold is not necessarily a Kahler 
manifold. 

Let / : M — > N be a smooth map from a Kahler manifold. The complexified 
second fundamental form Vdf of / , as a section of T*M C ®T*M C f~ 1 TN c , may 
be decomposed as follows: 

(2.18) Vdf = (Vdf)( 2 ' 0) + (V#) (1>1) + (Vrff) (0 ' 2) . 
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Definition 2.2. A smooth map / : M — >• N from a Kahler manifold is called pluri- 
harmonic if (Vd/)^' 1 ) = 0, that is, 

(2.19) (Vdf)(Z,W) = 

for any Z, W E T (1 ^M. 

We should mention that the notion of pluriharmonic maps is well-defined for any 
smooth map ip : M — >■ N from a Kahler manifold to a Riemannian manifold N. When 
N = R, (Vfi^)^ 1 ' 1 ^ will be called the complex Hessian of <p and denoted by H{jp). Note 
that any pluriharmonic map is automatically harmonic, and any iholomorphic map 
between Kahler manifolds is pluriharmonic too. Clearly a smooth map between two 
Kahler manifolds is pluriharmonic if and only if its restriction to every holomorphic 
curve in M is harmonic (cf. [Ra] for more general cases) . The notion of pluriharmonic 
maps lies between those of harmonic and iholomorphic maps. There is no difference 
between harmonic and pluriharmonic for the case dime M = 1 . 

For any Z = X x - UX X , W = X 2 - iJX 2 E T^M, we have 

(Vdf ) (Z, W) =(Vdf) (X U X 2 ) + (Vdf) (JX U JX 2 ) 

+ i[{Vdf){X u JX 2 ) - (Vdf)(JX u X 2 )]. 

This shows that (2.19) is equivalent to 

(2.20) (Wf)(X l7 X 2 ) + (Wdf)(JX 1 , JX 2 ) = 0. 
and 

(2.21) {Vdf){X u JX 2 ) - (Vdf)(JX 1 ,X 2 ) = 0. 
for any X U X 2 E TM. Define a 2-form a E A 2 (f~ 1 TN) by 

(2.22) a(X 1 ,X 2 ) = (Vdf)(X 1 ,JX 2 ) - (Vdf)( JX 1 , X 2 ). 

for any Xi,X 2 E TM. By (2.22), we obtain a(JX lt JX 2 ) = a(Xi,X 2 ). Writing 
X 2 = —JX 2 in (2.21), we see that (2.20) and (2.21) are actually equivalent. Hence 
we have proved the following: 

Lemma 2.2. A map f : M — > iV is pluriharmonic if and only if f satisfies (2.20), 
or equivalently f satisfies (2.21), that is, a = 0. 

Let / : M — > N be a smooth map between Kahler manifolds with y — f(x), x E 
M. We may choose normal orthnormal frame fields {e J7 Jej}jL 1 and {e a , J'e a }™ =1 
around x and y respectively. Set 

Vj 

(2.23) 



= y^( e j - iJe j)i r tj = V J = -j=(ej + Uej) 

= —j=i^e a iJ e a ), rfa = Tj a = — y= (e a + iJe a ). 
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Put fj = df(rjj) and fj = df(rtj). From (2.2), we have 



/i = /i 1,0) + ff A) = (df)(Vj) + (df)(Vj) 
2 ' 2 fj = ff' 0) + ff A) = (df)(nj) + (df)(rrj). 

Using the frame field {rj a , rfa} a =i,...,n, we may write fj and fj as follows: 

u = E(/^ + f?v*) 

(2.25) 



a 



Let {6* J , 6'- 7 }™ =1 and {# Q ,6> a }™ =1 be the dual frame fields of {r]j,r}j} and {rja.^ja} 
respectively. Hence we may express the complexified second fundamental form Vdf 
as follows 

Vdf = J2 ifkjO k ® 9 j ® 77 Q + /g(9 fc ® ^' (g) ^ 



Then 



(2.27) 



and 



/a ra ra ra 

kj ~ J jki J kj ~ Jjk 

fa _ p "TcT _ fa 

Jkj J kj 1 •> kj J kj' 



(V#) (M) = E ® ^ ® ^ + fk3° k ®G j ®Va 

(2.28) fc >J> 

+ ® ^ ® + /g<9* ® ^' ® 7^}. 

From (2.28), we get 

(2.29) l(Vrff) (M) | 2 =4^|/«-| 2 . 

It follows that / is pluriharmonic if and only if /£L = 0, 1 < k,j < m, 1 < a < n. 

KJ 
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3. Pluriharmonicity of harmonic maps 



First we recall some curvature conditions introduced by Y.T. Siu [Sil] (cf. also 
[Sa], [To], [OU]). Let (M m ,g) be a Kahler manifold of complex dimension m. The 
curvature tensor R of M is defined by 

(3.1) R(X,Y)Z = V X V Y Z- V Y V X Z -V [x ,y]Z , VX,Y,ZeTM. 
We denote by Q the curvature operator defined by R 

(3.2) < Q(X AY),ZA W >=< R(X,Y)W,Z >, V X,Y, Z,W <E TM. 

The complex extension of Q to A 2 TM C is also denoted by Q. By (2.1), we have 

(3.3) < Q(X AY),ZAW >=< Q(X A Y), Z A W >, VI, Y, Z, W G TM C . 
The Kahler identity of M yields 

(3.4) Q\ A (2 ' 0) TM = Q\ A (0 ' 2) TM = 0. 
Set 

(3.5) Q (M) = Q : A (M) TM ->■ A (M) TM. 

Definition 3.1 ([Sil]). The curvature tensor of (M, g) is said to be strongly negative 
(resp. strongly semi-negative) if 

(3.6) «Q (M) (£),£»=<Q (M) (£),e> <0 (resp.<0) 

for any £ = (Z A W)W ^ 0, Z, W G TM C . 

Writing Z = Z^- ) + Z^ ' 1 ), W = + in Definition 3.1, we get 

(3.7) i = Z^ A - W^ 0) A Z^\ 
and thus 

< Q(Z A W), Z AW >=<Q(Z (1 ' 0) A W (0 ' 1} - W {1 ' 0) A Z (0 ' 1} , 
? A W^ ' 1 ) - W (1 ' 0) A Z (0 ' 1} > . 

In [Sil,Si2], Y.T. Siu showed the following result by his dd— Bochner formula: 

Proposition 3.1 ([Sil]). Let f : M — >■ N be a harmonic map from a compact Kahler 
manifold into a Kahler manifold with strongly semi-negative curvature. Then f is a 
pluriharmonic map and 

(3.9) «Q(/ J A/ fe ),/ J A/ fc »=0, j,k = l,...,m 
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where Q denotes the curvature operator of N. 

When N is a KaMer manifold with strongly negative curvature or an irreducible 
symmetric bounded domain, Siu derived the holomorphicity of / under further rank 
condition on df (cf. also Lemma 5.9 below). 

We will extend Proposition 3.1 to the complete noncompact case. Suppose / : 
M m — > N n is a harmonic map between Kahler manifold. Let {r]j,rh}'jL 1 and 

{Vaj'rta}a=i t> e the normal unitary frame fields defined in (2.27) and let J '}£L 1 
and {6> a ,6> Q }™ =1 be their dual frame fields respectively. By the definition of a, we 
obtain 

(3.10) <T(v j ) = W(v j )] { °' 1) = J2fT ? te- 

a 

The complex conjugate of cr(rij) gives 

(3-11) *faj) = £/f7«- 

Of 

Hence 

a = dj + df 

(3 - 12) = YjLffo* + ffo J ® Va). 

Similarly we have 

T = df + df 

(3 - 13) = £(/j^' + ffe J ® ns). 

The covariant derivative of a is given by 

v a = £ { ffk ° j ® ° k ® ^ + ® ^ ® ^ 

(3.14) 

+ /f fc ^ J ® ^ ® ??a + ® 0^ (g) 7?a}. 

By (1.2) , we have 

, 15 , (^)P^) = (Vxa)(r) - (V Y a)(X) 

= (Va)(Y;X)-(Va)(X;Y). 

By (3.14), (3.15) and using (2.31), we get 

d V a = iffk(0 k A W) ® 77a- + f%(6* A 6»') ® ffe 

+ /^(0 fc A 0*) ® 77 a + f«.{& A 0*) ® r7 a } 

(3-16) = £ A 0j ) ® ^ - A ® ^) 

= £ (/&(** A 0j ) ® ^ - A ® W 
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By (2.8) and (2.9), we have df = a + r. Since d v df = 0, it follows from (3.16) that 
(3.17) d v r = -d v a = J2 A el ) ®V<* + ff 3 (0 k A 1 ) ® rfe)- 

k,j,a 

Prom (3.12) and (3.16), we obtain 

< (d v a)(rj k ,e A ),a(e A ) > 
^ 3 =< (d V (T)(Vk,Vj),^(nj) > + < (d V a)(r ]k ,r]j),a(r] j ) > 



eat 
. ' 3 

J, a 



and 

(3-19) < (d v a)(^e A ),a(e A ) >= E/£/j ■ 

3,ot 

Define a 1-form 7 as follows 

(3.20) 7 (X) = < (d V a)(X,e A ),a(e A ) > . 

A 

By (3.18) and (3.19), we obtain 

7 = $^[< (d v a)( Vk ,e A ),a(e A ) > 6 k + < {d v a){^e A ),cj{e A ) > 9 1 } 

(3.21) k 

fc i,a j,a 

Consequently we get 

*«(7) = Et(E4Vfk+ (E(/fi/f))*] 

(3.22) " J '\ 2 J j a ^ 

fc,j',a fc,j,a 

By Ricci identity and Kahler identity, we have 

(3-23) (% - 4%)^ = -/£ ^(/j, h)Va 

where R denotes the curvature tensor of N. From (2.29) and (3.23), it follows that 

fa fa __ r/3 r>a _ z-7 f5_ fP /? a _ f— 

J kjk J kkj ~ J k rL p 1 5 J J J k 3 k-^P-fSJJ J k 

fa fa _ fP pa fl fS fP p£ _ fl fS 

J kjk 3 k kj~ J k /3jS->jJk 3 k Pj5 J jJk- 
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Hence 

div{pi) 

n \ ^ I fot 1 2 \ r pa foiffi fl f8 \ v pa fa fP fl fS 

k,j,a k,j,a k,j,a 

Epa £a fl fS \ ^ pa _ j-7 i-5 

M& J 3 J k J 3 Jk Z-/ I3~/5 J j J k J j Jk 

=2 E i/&i 2 - £{« wh a /^ 0) ), A /£' 0) » 

+<<wf' o) A / r ) )jf' i) A/r ) >>} 



j J fc ' 3 J k 

_, _ (L ) a f f(t.o) a f (»-n 

(1,0) . ,(o,i)x ,(i,o) . ,(o,i) ^ ~ ruA 1 * ) a /(Mh A 1 ' ) a ft - 1 ) 



=2 E i/ai 2 - 5> « oof ' a /f /f A /j ' 1 ' » 



- « wr ' a tp "), /r™ a /r" » - « wr a /r">, /r ' a /r ' >» 

that is, 

(3.24) dii,( 7 ) = 2 E l/gl 2 " E « Wfc A /,-),/* A f j » . 
Likewise we define a 1-form p by 

(3.25) p(X) = E < ( rfV ^)(^ e ^)> r ( e ^) > • 

A 

From (3.13) and (3.17), we get 

p =< rf v r(?7 fc , e A ),r(e A ) > 6 k + < rf v r(?^, e A ),r(e A ) > 9 k 

(3 - 26) = E[(E4V7)0 fc + (£(/£/j)**]- 

A similar computation yields 

(3.27) div(p) = 2 £ |4 Q -| 2 - E « Q(/fc A /,), f k A £ » . 

k,j k,j 

Set J' = — J'. Then we may define 1— forms a and r by (2.8), (2.9) and using the 
new complex structure J' of N. It follows that a = r and t = a. The right hand 
side of (3.24) is obviously independent of the choice of J' and J'. This explains the 
result div{^) = div(p) . Clearly either (3.24) or (3.27) can be used to derive the 
pluriharmonicity and thus holomorphicity of a harmonic map between two compact 
Kahler manifolds. In this paper, we try to compute some terms related to the stress- 
energy tensors. These two formulae, combined with (1.13), will become useful tools 
for investigate harmonic maps between complete noncompact Kahler manifolds too. 
From (3.24) and (3.27), we immediately have 
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Lemma 3.2. Let f : M — )• N be a harmonic map between two Kahler manifolds. If 
N has strongly semi-negative curvature, then div("f) = div(p) > 0. 

Lemma 3.3. Let M be a Riemannian manifold possing an exhaustion function $ 
with the properties (1.15) and (1.16). Suppose Z a vector field on M such that 

(3.28) liminf— / ||Z|| = 0. 

If divZ has an integral (that is, if either (divZ) + or (divZ)~ is integrable), then 
J M divZ = 0. In particular, if outside some compact set divZ is everywhere > (or 
<0) then J M divZ = 0. 

Proof. This result was established in [Ka] for a complete Riemannian manifold with 
$ = r (the distance function). The proof of Lemma 3.3 goes almost the same as 
the proof of the main theorem in [Ka] , except for that one should use the general 
exhaustion function $ to replace the distance function. We omit the detailed proof 
here. □ 

Remark 3.1. It is clear that if liminf i?-^ Jb^(r) W^W = 0' then Z satisfies (3.28). 

Proposition 3.4. Let M be a Kahler manifold possing an exhaustion function $ 
with the properties (1.15) and (1.16). Let f : M — >■ iV be a harmonic map from a 
Kahler manifold to a Kahler manifold with strongly semi-negative curvature. If f 
satisfies either 

(3.29) liminf ^ / IMI = 

R^oo R J B&(2R)-B<t,(R) 

or 

(3.30) liminf 4 / ||p|| = 

R-^oo R J b 9 ,(2R)-B&(R) 

then f is pluriharmonic. 

Proof. Without loss of generality, we assume / satisfies (3.29). By Lemma 3.2, 
div{^) > 0. Hence we obtain from Lemma 3.3 and (3.24) the following 



(3.31) 




= 0. 



This proposition follows immediately from (3.31). □ 
By (3.20) and (3.26), we get 

hll^l^/l-KVd/)^ 1 )! 

\\p\\<\df\-\(Vdf)^\ 



Consequently we have 
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Corollary 3.5. Let f : M — )• N be a harmonic map from a complete noncompact 
Kahler manifold to a Kahler manifold with strongly semi-negative curvature. If f 
satisfies either 

liminf- [ \df\ ■ |(V#) (M) | = 

r^oo r J B2r -B r 

or 

liminf- [ \df\ ■ |(V#) (M) | = 

r^oo r J B2r -B r 

then f is pluriharmonic. 

Theorem 3.6. Let M be a Kahler manifold possing an exhaustion function $ with 
the properties (1.15) and (1.16). Let f : (M,g) — > (N,h) be a harmonic map into a 
Kahler manifold of strongly semi-negative curvature. If f satisfies either 

(3.32) (/ Id/1 2 )" 1 ^(+00) 
or 

(3.33) (/ Id/I 2 )- 1 ^(+00) 

then f is pluriharmonic. In particular, f satisfies (3.9), that is, 

(3.34) < Q(fj A f k ),fj A f k >= 0, j, k = l, m 
where Q denotes the curvature operator of N. 

Proof. Without loss of generality, we assume that / satisfies (3.32). It follows from 
(3.24) and the divergence theorem that 



(3.35) 




where v denotes the unit outward normal vector field of dB$,(t). By (3.21), we have 

|z, 7 |<2|a/|(^|/g| 2 ) 1 / 2 



which yields 
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Set 




Then, by the co-area formula, 



(3.37) 




where a is defined by (1.15). Putting (3.35) , (3.36) and (3.37) together and squaring 
we finally get 

(3.38) P(t) 2 < f / \df\ 2 ) P'(t) 

\JdB*(t) J 

Suppose that (Vd/)^ 1,1 ' ^ 0. Therefore there exists to > sufficiently large such that 
(3(t) > 0, for every t > t . Fix such an to. From (3.38) we deduce the following 

VZMto)- 1 - M)- 1 ) > / t ^ 

J *o f dB *(s) \ 9 f\ 

and letting t — > +oo we contradict (3.32). Hence / is pluriharmonic. By definition, 
7 = 0. Then (3.24) implies that / satisfies (3.9). □ 

Corollary 3.7. Let M be a Kdhler manifold possing an exhaustion function $ with 
the properties (1.15) and (1.16). Let f : (M,g) — > (N,h) be a harmonic map into a 
Kdhler manifold with strongly semi-negative curvature. If f satisfies either 

(3.39) f \df\ 2 < CR 2 

J B<s,(R) 

or 

(3.40) / \3f\ 2 < CR 2 

JB^(R) 

for any R > and some constant C > 0, then f is pluriharmonic. In particular, f 
satisfies (3.34). 

Proof. Set 

(3-41) h(t) = I \df\ 2 

J (t) 
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So, by co-area formula, 



(3-42) h'(t) = [ M > 1 f \dff 

Fix t > 0, and let t > t . From Proposition 1.3 of [RS], we know that 

for some constant C\ > 0. Then (3.42) and (3.43) imply 



(3.44) / * - S *° ds < C lv ^ ft 



Suppose / satisfies (3.39). This implies 

(3-45) 8 tLH+oo) 

/*.(«) W 

Thus we deduce from (3.44) and (3.45) that / satisfies (3.32). Likewise we may prove 
that (3.40) implies (3.33). Hence we prove this corollary. □ 

Remark 3.2. Suppose / : M — > N is a harmonic map from a complete Kahler manifold 
to a Kahler manifold with strongly semi-negative curvature. We may take the distance 
function r as the exhaustion function in Corollary 3.7. Therefore we have proved that 
if one of the partial energies of / has growth order < 2 w.r.t. the distance function 
r, then / is pluriharmonic. In particular, if either E'(f) < +oo or E"(f) < +oo, 
then / is pluriharmonic. In [Li] and [PRS] , the authors gave similar conditions about 
energy (not the partial energies) to derive the pluriharmonicity of a harmonic map 
from a complete Kahler manifold to a Riemannian manifold of non-positive Hermitian 
curvature. Obviously any criteria for pluriharmonicity is superfluous if dimcM = 1. 
It would be interesting to know whether the growth order condition in Corollary 3.7 
is optimal for ensuring the pluriharmonicity or not. 



4. Monotonicity formulae of harmonic maps 



4.1. The case of pluriharmonic maps 

First we show that the 1-forms a and r defined in §2 satisfy the conservation laws 
if / : M — > N is pluriharmonic. 

Lemma 4.1. A map f : M — > N between two Kahler manifolds is pluriharmonic if 
and only if the 1-form a G A 1 (f~ 1 TN) defined by (2.8) is closed or equivalently, the 
1-form t e A 1 (f~ 1 TN) defined by (2.9) is closed. 
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Proof. By definition, we have 



d v a(X u X 2 ) 

= V Xl a(X 2 ) - VxMXi) - <r([Xi, X 2 \) 

= ^{{Vdf){X 2 ,X 1 ) - {Vdf){X 1 ,X 2 ) + J'[{Vdf){X u JX 2 ) - (Vdf)(X 2 , JX 1 )]} 
= \j'[{Vdf){X u JX 2 ) - (Vdf)(X 2 , JX X )] 

Likewise we may get 

d v r(X l ,X 2 ) = -Ij'[(V#)(*i, JX 2 ) - (Vdf)(X 2 , JXt)] 

It follows from Lemma 2.2 that / is pluriharmonic iff <i v cr = iff <i v r = 0. □ 

Proposition 4.2. Suppose f : M — >■ N is a pluriharmonic map between Kahler 
manifolds. Then divS a = divS T = 0. 

Proof. This proposition follows immediately from Lemma 1.1, Lemma 2.1, Lemma 
4.1. □ 

Remark 4-1- Proposition 4.2 and (2.20) yield that div^> f = for a pluriharmonic 
map /, where is the 2— tensor field defined by (2.19). 

From Proposition 1.2 and Proposition 4.2, we may deduce the energy monotonic- 
ity formulae for a and r of pluriharmonic maps provided that M posses suitable 
exhaustion functions. From now on we assume dim^- M = m > 2, unless otherwise 
indicated. 

Let $ be a Lipschitz continuous function on M m , which satisfies the following 
conditions (cf. also [Ta2]): 

(4.1) $ > and $ is an exhaustion function of M, i.e., each sublevel set B$(t) : = 
{$ < t} is relatively compact in M for t > 0; 

(4.2) \1/ = $ 2 is of class C°° and \& has only discrete critical points; 

(4.3) The constant k\ = inf x6 M YlTLi 1 £ i( x ) is positive where e\ < e 2 < ■ ■ ■ < 
e m are the eigenvalues of the complex Hessian H{^>) = (^{j)- The constant k 2 = 
sup x6M |V$| 2 is finite. Set 

(4.4) A = h/k 2 

The function $ with the properties (4.1), (4.2) and (4.3) will be called a special ex- 
haustion function. Notice that (4.1) implies that im(<fr) = [0, +oo). For our purpose, 
we only consider the unbounded exhaustion function for a complex manifold in this pa- 
per, although not all results need this assumption. In addition, the condition (4.3) for 
^ is stronger than the condition for a function to be strictly (m-l)-plurisub harmonic 
(see §6 for some discussion about the notion of strict (m — l)-plurisubharmonicity). 
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Theorem 4.3. Let f : M — >■ N be a pluriharmonic map from a complete Kdhler 
manifold to a Kdhler manifold. Suppose M posses a special exhaustion function $ 
satisfying (4-1), (4>%) an d (4-3)- Then 



( 4 -5) \ I \df\ 2 < \ [ \df\ 2 



and 



(4-6) \l \df\ 2 <\! \df\ 2 

Pi Jb*( p1 ) P2 Jb^( P2 ) 

for any < pi < pi, where A is given by (4-4)- 

Proof. Take X = ^V\I/ = $V$. Obviously (V^)\dB^(t) is an outward normal vector 
field along dB<$>(t) for a regular value t > of Thus V\I/ = w(x)u on dB$>{t) with 
w(x) > for each point x G dBq>(t), where v denotes the unit outward normal vector 
field of dB$(i). By the definition of S a , we have 

I |2 

S a (X, u) = < X , v > g - < o-{X),o-(v) > h 



W\ 2 „^ w, , ,.o 

= t L Y <V$,v> g --\a(v)\ 2 h 



(4.7) 

" 2 " 
< ty^~ 2 \df\ 2 

on dB$(t) and 

< S a ,V9 x > = l- < S a ,Hess(V)> 

(48) 1 H * 

= -[^ A 9 $-<(70(T, Hess(V) >] 

where A g denotes the Laplace-Beltrami operator on M. We choose a unitary basis 
= (ei — i Jei) I \pi\i=i,...,m at a point p G B$>(t) such that 

Hess^^i^^p)) =Ei5ij 

which is equivalent to 

Hess(^)(e h e,-) + i7ess(^)( Je^, Je ? ) = 2£;fe 

(4 9) 

Hess(V)(ei, Jej) - Hess(V)( Jei, e,) = 
Obviously {e^, Jei\i=i,..., m is an orthonormal basis. Then (4.9) gives 



(4.10) A 5 v[r = 2 5> 
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Using (2.12) and (4.9), we obtain 
(4.11) 

< a a,Hess(^) > 

= ^^{< o"(ej),cr(ej) > Hess(^)(ei, ej)+ < a(Jei),a(Jej) > Hess(^)(Jei, Jej) 

+ < a(ei),a(Jej) > Hess(^)(ei, Jej)+ < a(Jei),a(ej) > Hess(^)(Jei, ej)} 
= < cr(e i ),o-(e i ) > [Hess(V)(ei,ej) + He8s(V)(Jei,Jej)] 

+ ^2< a(ei),a(Jej) > [Hess(^>)(ei, Jej) - Hess(^)(Jei,ej)] 

i,j 
m 

= 2 s ^\a(e l )\ 2 e l 



From (4.8), (4.10) and (4.11), we get 



12 m 



< s a ,ve x > = ^{^-(2 J» -2^1^)1^} 

J=l i=l 



m m 



( 4 - 12 ) >^{H 2 E e i- 2 Ei^)i 2e -} 



fell (7 



j=l i=l 



2 



>^ = fei|<W 

It follows from (1.14), (4.7) and (4.12) that 

(4.13) yfet [ \df\ 2 > h I \df\ 2 

JdB^(t) J (t) 

The remaining arguments are similar to those in the proof of Proposition 1.2. Using 
the coarea formula yields, we get 



(4.i4) ±f \m 2 >^=j m 

at J B<s,(t) V&2 JdB^(t) 



'B*(t) V^2 JdB<s,{t) 

and thus 



dt 

/s,(t) IW ~ * 

for any t > 0, where A = k\jki- By integration over [pi, ^2], we have 

^ / \9f\ 2 <-J W\ 2 

Pi Jb<s,( p1 ) P2 Jb^( P2 ) 

for any < p\ < Similarly we can prove 

L J \df\ 2 <~J \df\ 2 
Pi Jb*( p1 ) P2 Jb^( P2 ) 
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for any < p\ < p2- □ 
Remark 4-2. 

(a) Suppose A is a positive number less than A , that is, < A < A. Clearly we have 
the corresponding monotonicity formulae by replacing A by A in (4.5) and (4.6). The 
larger the growth order A we get, the better the monotonicity formulae become. 

(b) In [Ta2], K. Takegoshi derived similar monotonicty formulae for the energy of 
pluriharmonic maps. Here we establish monotonicity formulae for the partial energies. 

Now we give some examples of Kahler manifolds which poss the special exhaus- 
tion functions (Some of them were also discussed in [Ta2] with somewhat different 
notations) . 

Example 4.1. 

(a) Let C m be an m > 2 complex Euclidean space with the canonical Kahler metric. 
Take * = J2™=i z j z J = IMP and $ = INI- Tnen (*<j) = 2 (<%)mxm where the 
complex Hessian is diagonalized w.r.t. {m = A= (ej — iJej)}JL 1 . By definition, we 
have ki = 2m — 2 , /c 2 = 1 and thus A = 2m — 2. 

(b) Let i : M m — > C N be an m— dimensional closed complex submanifold and F : 
C N — > R be a smooth function on C N . By the composition formula of maps (cf.[EL]), 
we have 

Hess(F o i)(X, Y) = (HessF)(X, Y) + dF(B(X, Y)) 
for any 1,7 6 TM, which yields 

HessiFoi^rjj) = (HessF^fjj) + dF{B{r H ,ri j )) 

where {rji = — ^6i)}^=i ^ s an y unitary frame tangent to M. Since i(M) is a 

complex submanifold, we have B(r)i,rjj) = 0. Then 

Hes8{Foi){7ij,7j k ) = (HessF)(rjj,r} k ) 

Now let F = \\z\\ 2 = J2a=i \ z a\ 2 and set * = $ 2 = i* (F) = F o i. Obviously 
k\ = 2(m — 1) and k<i < 1. If necessary, translating the original point to a general 
position, we may assume that F is a Morse function (cf. [Mi]). So F has only 
discrete critical points. Then $ is a special exhaustion function with A > 2m — 2. 
Recall that every Stein manifold M m can be realized as a closed submanifold of C N 
by a proper holomorphic map ip : M m — > C N . Thus a Stein manifold M admits a 
special exhaustion \1/ = $ 2 with $ = ^*(||2;||) and A > 2m — 2. It is known that every 
closed complex submanifold of a Stein manifold is a Stein manifold too. Therefore 
Stein manifolds provide us many examples of Kahler manifolds which poss special 
exhaustion functions. 

Notice that the special exhaustion functions in (b) of example 4.1 are obtained 
from extrinsic distance functions. Next we will show that under suitable curvature 
conditions, the distance functions of Kahler manifolds are special exhaustion functions 
too. 
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Lemma 4.4. Let M m be an m dimensional complete Kahler manifold with a pole 
xq. Let Si < 62 < • • • < £ m be the eigenvalues of the complex Hessian ((r 2 )^), where 
r is the distance function relative to x$. Suppose there exists a positive function h{r) 
on (0, +oo) such that 

Hess(r) > h(r)[g — dr <g> dr] 

then 

f H (2m - 3)rh(r) if rh(r) > 1 
{ 2(m — l)rh(r) if rh{r) < 1 

Proof. By assumptions, we have 

(4.15) Hess(r 2 ) > 2dr ® dr + 2rh(r) [g - dr <g> dr] 

First we consider the case rh(r) > 1. Replacing \& by r 2 in (4.9), we see that 2 
^ s trace of Hess(r 2 ) on some real 2(m — 1) dimensional J— invariant 
subspace of TM. It follows from (4.15) that 

m— 1 



^2e t > 1 + (2m - 3)rh(r) 



i=i 

Clearly we have 

e i > 2(m-l)rh(r) 



m—l 



i=l 

if rh(r) < 1. This proves this lemma. □ 

Lemma 4.5. Let (M,g) be a complete Riemannian manifold with a pole x$ and r 
the distance function relative to xq. Denote by K r the radial curvature K r of M . 

(i) If K r < 0, then 

Hess(r) > —[g — dr <S> dr] 
r 

(ii) If K r < with b 2 e [0, 1/4], then 

1 _|_ y/\ _ 

Hess(r) > [g — dr ® dr] 

2r 



(in) If K r < with e > and < B < 2e, then 



1 - ^ 

Hess(r) > — [g — dr ® dr] 

r 



(iv) If K r < -/3 2 with /3>0, then 



Hess(r) > /3 coth(/3r) [g — dr ® dr] 
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(v) If K r < — j^pp wii/i a > 0, then 



.1 + y/1 + 4a 2 1-. r 

Hess(r) > max{ — , - \\g — dr ® ar 

2(1 + r) r 



Proof. The cases (i) and (iv) are standard (cf. [GW]). The case (ii) is proved in 
Lemma 1.2 (b) of [EF]. The case (iii) follows immediately from the quasi-isometry 
Theorem due to [GW] (cf. also [DW]). The case (v) is treated in [GW], [PRS] as an 
asymptotical comparison theorem. Actually we may deduce (cf. page 39 of [PRS]) 

„ , w 1 + Vl + 4a 2 
Hess{r) > — 2 (1 + r) — ~ 

2 

On the other hand, the assumption if r < — yq^2 < implies by (i) that 

Hess(r) > -\g — dr <g> <ir] 
r 

Therefore we prove (v). □ 

Lemma 4.6. Let M m be an m dimensional complete Kahler manifold with a pole 
xq. Let Si < 62 < • • • < £ m be the eigenvalues of ((r 2 )^), where r is the distance 
function relative to xq . Suppose the radial curvature K r of M satisfies one of the five 
conditions (i), (ii), (iii), (iv) and (v) in Lemma 4-5. Then 

' 2m — 2 if K r satisfies (i) 



-l 



(4.16) £ * * < 



i=l 



(m - 1)(1 + Vl - 46 2 ) if K r satisfies (ii) 

2(m — 1)(1 — ^) if K r satisfies (iii) 

1 + (2m — 3)/3r coth(/3r) if K r satisfies (iv) 

k max{2m - 2, 1 + (2m "% ( ( \+^+ i ^ } if K r satisfies (v) 



Proof. Suppose K r satisfies (i). Then Lemma 4.5 and Lemma 4.4 yield immediately 
YT=i £ i > 2m - 2. This proves (i). Now we assume that K r satisfies (iv). Clearly 
/3rcoth(/3r) > 1 on (0, +oo), because the increasing function f3r coth/3r — > 1 as r — > 0. 
Therefore Lemma 4.4 implies that 

m— 1 

Y £i > 1 + (2m - S)fir coth(/3r) 
i=i 

Hence we have proved (iv). In a similar way, we may use Lemma 4.4 and Lemma 4.5 
to prove the cases (ii), (iii) and (v) too. □ 

From Lemma 4.6, we see that if M is as in Lemma 4.6, then its distance function 
r is a special exhaustion function for M. From the proof of Theorem 4.3 and remark 
4.2, it follows that 
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Theorem 4.7. Let M (clime M = m > 1), r, K r be as in Lemma 4-6. Suppose 
f : M ^ N is a pluriharmonic map between Kahler manifolds. Set 

2m — 2 if K r satisfies one of (i), (iv), (v) 

(m - 1)(1 + Vl - 46 2 ) if K r satisfies (ii) 
2(m — 1)(1 — ^|) if K r satisfies (Hi) 




and 



for any < pi < p2 ■ 



~~r I \df\ 2 < \ [ \df\ 2 

Pi JB P1 (x ) P2 JB P2 (x ) 

-J \9f\ 2 <-J W\ 2 

Pi JB P1 (x ) 92 JB P2 (x ) 



Now let / : M — > N be a pluriconformal harmonic map from a Kahler manifold. 
By definition, / satisfies 

(4.18) < df(JX),df(JY) >=< df(X), df(Y) > 

for any 1,7 G TM. Clearly (4.18) is equivalent to 

< df(X),df(JY) >=-< df(JX),df(Y) > 

Theorem 4.8. Let f : M — >■ iV be a pluriconformal harmonic map between two 
Kahler manifolds. Suppose M satisfies the conditions in Theorem 4-3 (resp. Theorem 
4-7) and A is given by (4-4) (resp. (4-17)). Then f satisfies 

\l W\ 2 <\ I W\ 2 (resp. \j \df\ 2 <\! \df\ 2 ) 
Pi Jb<s,( Pi ) P2 Jb^{ P2 ) Pi Jb Pi P2 Jb P2 

for any < pi < p2- 

Proof. Suppose M posses a special function As in the proof of Theorem 4.3, we 
set X = $V$. Since / is harmonic, it is known that / satisfies a conservation law 
([BE]), that is, divSf = 0, where S f is defined by (1.6). Then (1.13) yields 



/ s f (x,v)= f <s f ,ve x > 

JdB^(t) JB^(t) 



JB^{t) 

for a regular value t > of Similar to (4.7), we get 

t \fk2~ I J* 1 2 



S f (X^)<^\df\ 

By using the pluriconformality of / and replacing a by df in (4.8), (4.11) and (4.12), 
we may derive the following: 

<^,V^>>y|rf/| 2 
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It follows that 



tVh [ \df\ 2 >k x f \df\< 



ldBg,(t) J B<s,{t) 

Similar to the remaining argument in the proof of Theorem 4.3, we have 



Pi JB^{ Pl ) P2 JB <S ,{ P2 ) 



2 



for any < p\ < p2- □ 



Notice that the curvature tensors of the target manifolds in Theorem 4.3, Theorem 
4.7 and Theorem 4.8 play no role, since we consider the conservative cases in this 
subsection. 

4.2. The case of harmonic maps 

Now we consider a harmonic map between Kahler manifolds. In this case, a and r 
don't satisfy the conservation laws in general. However, if the target Kahler manifold 
has strongly semi- negative curvature, we will show that the integral formula (1.13) 
can still be used to establish the monotonicity formulae for the partial energies. 

Lemma 4.9. Let f : M — >■ N be a harmonic map from a Kahler manifold into a 
Kahler manifold with strongly semi-negative curvature. Let D C M be a domain 
with a compact closure and non-empty smooth boundary. Let <p be a smooth defining 
function for D with only discrete critical point. Set X = V</?. Then 

(4.19) / (divS a )(X)= [ (divS T )(X)>0 

J D JD 

Proof. From Lemma 1.1 and Lemma 2.1, we have 

(4.20) (divS a ) (X) =< i x d v a, a > 

Set D t = {{p < t} for t < 0. Let v = on dD t , where t is a regular value in Im(ip). 
By (4.20) and using the coarea formula and divergence theorem, we deduce that 

[ (divS a )(X)= I (/ idirS n )[ V > 

JD J-00 JdD t 



\vtp\' 

= ( / < iisd v a, a >)dt 
J-00 JdD+ 



00 J dD t 
, 

( / i u ^)dt 

-00 JdDt 
-0 



= f ( f div<y)dt 

J-00 J D t 

where 7 is defined by (3.20). Likewise we have 

/ (divS T )(X) = [ ([ divp)dt 

' D J-00 J Dt 
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where p is defined by (3.25). It follows from Lemma 3.2 that J D (divS a )(X) = 
J D (divS T )(X)>0. □ 

Remark 4-3. 

(a) From the proof of Lemma 4.9, we see that the corresponding results also hold true 
if the integral domain D in (4.19) is replaced by the domain D(c, d) := {x G D : c < 

ip < d} for any c < d < 0. 

(b) If M is a complete Kahler manifold with a pole xq, we may take (p = \r 2 , where 
r is distance function relative xq . Set X = r-^p in Lemma 4.9. Then we have 

(4.21) I (divS a )(X) = I (divS T )(X) > 



(c) From (3.24) and(3.27), we see that if / is harmonic map, but not plurihar- 
monic. Then div{^) = div(p) > at some point of the geodesic ball B R . Therefore 
J Br div(S a )(X) = J BR (divS T )(X) > 0, which implies that a and r don't satisfy the 
conservation laws. 

Theorem 4.10. Let f : M — )■ iV be a harmonic map from a complete Kahler manifold 
to a Kahler manifold with strongly semi-negative curvature. Suppose M satisfies the 
conditions in Theorem 4-3 (resp. Theorem 4-7) , A is given by (4-4) (resp. (4-17)) 
and set Dr = B$>(R) (resp. Br(xq)). Then 

(4-22) \( \df\ 2 <\! \df\ 2 



and 



Pi Jd p1 P'i J d P2 



(4-23) -1 I \df\ 2 <\ I \df\ 2 



Pi Jd p1 p\ Jd p 



for any < p\ < p2- 



Proof. Without loss of generality, we assume that M satisfies the conditions in The- 
orem 4.3. Actually we have already pointed out this result in Remark 1.1. Here 
we give only a brief discussion. Take X = V(|*) = $V$. Since iV has strongly 
semi-negative curvature, we obtain by Lemma 4.9 that 

(4.24) f divS a {X) > 

It follows from (1.13) and (4.24) that 



/ s a (x,v)> [ <s a ,ve x > 

JdB^(R) Jb^(R) 



The remaining argument is similar to that in the proof of Theorem 4.3. □ 
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4.3. Local monotonicity formulae 

Theorem 4.11. Let M be an m— dimensional Kahler manifold and let r denote the 
distance function relative to xq G M. Suppose the radial curvature K r of M satisfies 
K r < Kq on Br (xo), where Kq is a positive constant and Rq is a fixed positive 
number less than the injective radius of M at xq. Suppose f : M ^ N is either 
a pluriharmonic map into any Kahler manifold or a harmonic map into a Kahler 
manifold with strongly semi-negative curvature. Then 



p C{K ) P2 r P C{K ) P1 f fP 2 p C(K )t f 

/ P/I a - -l^r / , ( I9/I 2 > / l^=r / , , H*»lV 

P 2 JB P2 (x ) Pi JB P1 (x ) J Pi 1 JdB t (x ) 

and 

p C(K )p 2 r P C{K ) P1 r rP2 p C(K )t r 

/ l^/l 2 " \ W\ 2 > / l-^r / Hj^t 

P2 JB P2 (x ) Pi JB p1 (x ) Jpx 1 JdB t {x ) 

for any < pi < p 2 < Rq, where C(K ) is a constant depending on K . 

Proof. Since K < K on B R(j (p) : we get by Hessian comparison theorem the following 

Hess(r) > \/ifo cot(y/Kor) [g — dr ® dr] 



Now the strictly decreasing function yjK^r cot(V 'Kqt) — > 1 as r — > 0, we have 
\[K^r cot(v / ^or) < 1 on (0, +oo). Let \1/ = r 2 and let Si < ■■■ < e m be the 
eigenvalue of H(r 2 ). It follows from Lemma 4.4 that 



m — l 



V Si > 2(m - l)JW r cot(JK~ r) 

(4-25) 



= 2(m - 1) + 2(m - 1)[V K r cot(V K r) - 1] 

Obviously there exists a constant positive C(K ) such that 

(4.26) 1 - v / ^orcot( v / ^or) < rC(K ) 

on B Ro (p). Set X = ±W. From (4.12), (4.25) and (4.26), we get 



<s a ,ve x >>(J2^ 

(4.27) i=i 



\0~\ 



m — l 

1 2 

l~|2 



> [ 2 ( m _ 1) _ C(K )r] 

where C(K ) = 2(m - 1)C(K ). 

Notice that |Vr| = 1. Then (1.8) gives 

(4.28) S a {X^)<r\^--\i v a\ 2 ] 

32 



When / is pluriharmonic, we know from Proposition 4.2 that a satisfy the conserva- 
tion law. Using a similar technique as in the proof of Proposition 1.2, we can deduce 
from (4.27) and (4.28) the following 



(4.29) ± [e C(K )r r -(2m-2) f ^2] > ^ {2m-2) e C {K )r f ^2 

dr JB r (i ) JdB r (x ) 



for r < Rq. By integration on [pi, p 2 ], we get the monotonicity formula for a. Likewise 
we have the monotonicity formula for r. 

Suppose now that / : M — > N is a harmonic map into a Kahler manifold with 
strongly semi-negative curvature. From Lemma 4.9, Remark 4.3 and Remark 1.1, it 
is clear that the monotonicity formulae still hold. □ 

Corollary 4.12. Let B Ro (x ) C M, N and f : M -> N be as in Theorem 4. 11. 
Then 

e C( a ,P) Pl f _ p C{0L,p) P2 



2.-2- / Ml" < -2^2- / I W 

Pi Jb p1 {x ) P 2 Jb P2 {x ) 



and 



pC{a,P)p 1 r p C(a,(3)p 2 r 

-2^2- / \9f\ 2 < -2^2- \ \Qf\ 2 

Pi JB P1 (x ) P 2 JB P2 {x ) 

for < pi < p 2 < Rq. 

Next, we hope to establish the monotonicity formulae outside of a compact subset 
of a complete Kahler manifold. 

Theorem 4.13. Let M be an m— dimensional complete Kahler manifold. Suppose 
M posses an exhaustion function $ which is special outside a sublevel set B^(Rq) for 
some Rq > 0. Suppose f : M — >■ N is either a pluriharmonic map into any Kahler 
manifold or a harmonic map into a Kahler manifold with strongly semi-negative cur- 
vature. Then 

(4-30) -1 f \df\ 2 <-J \df\ 2 

io) P2 JB, 



Pi J B 4 ,(pi)-B*(i?o) P'i J B^{ P2 )-B^(R ) 



and 



2 



(4-31) \l \df\ 2 <\l 1-9/1 

Pi J B< s ,(pi) — Bg>(R ) P2 J B 4 ,(p 2 )-Bg>(R ) 

for any Rq < pi < P2, where A is defined by (4-4) on M — B^(Rq). 

Proof. Take X = ±V$ 2 = $V$. For any R > R , we set D = B$(R) - B^(R ). 
By applying the integral formula (1.13) on D and arguing in a similar way as in 

33 



Proposition 1.2, Theorem 4.3 and Theorem 4.10, we may deduce the following 



(4.32) j 



/ S a (X,v)- [ S a (X,v) 

= R < V$, v > { [ S a (v, u) - [ S a {v, v)} 

JdB&iR) JdB&fRn) 



> -z / < S a ,Hess{&) > 
2 Jbg(r)-b*(r ) 

> -I \*\ 2 



2 Jb*(R)-B&(R ) 

By definition of S a and (2.12), we get 

\a\ 2 

S<j\y, v) = — — < <j(v),<j(i/) > 

(4.33) > \[< <t(v),<t(v) > + < <t(Ju),<t(Ju) >] 

— < a(u), a{u) > 
= 



Then (4.32) and (4.33) yield 

(4.34) Ry/h [ S a (u,u)>^ f 

JdB^(R) 1 J B^(R)-Bg>(R ) 

It follows from the coarea formula and (4.34) that 



2 



R^if W\ 2 )>^=l W 2 



dR Jb,,, (R)-B<s, (Ro) V^2 JdB^(R) 

Jdi 



2 JdB^(R) 



A / W 



2 



which implies that 



(4.35) ^-{R~ x [ \df\ 2 } > 

By integrating (4.35) on [pi,p2], we get (4.30). Likewise we have (4.31). □ 

As an application of Theorem 4.20, we give the following 
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Theorem 4.14. Let M be a complete Kahler manifold with a pole xq. Suppose the 
radial curvature K r of M satisfies one of the following two conditions 

(a) K r < -(3 2 with (3 > 0; 

(b) K r < -yq^r with a > 0. 

Suppose f : M — >■ N is either a pluriharmonic map into a Kahler manifold or a 
harmonic map into a Kahler manifold with strongly semi-negative curvature. Set 

1 + (2m — 3)f3Ro coth(/3i?o) if Kr satisfies (a) 
C(R ) 
for any Rq > 0, where 



A 



if K r satisfies (b) 



C(Ro) 



i , (2m-3)(l+Vl+4a 2 )fl 
1 + 2{1+R ) 

(m— 

(1+Ro) 



■ f (l+Vl+4a 2 )fl ^ 1 



2(1+R ) 

hVl+4a 2 ) 
2(1+R ) 



(l+Vl+4a 2 )fl < 1 



Then 
(4.36) 

and 
(4.37) 



Pi Jb p1 (xo)-B Ro (x ) 



\df\ 2 < 



p 2 A ° 



1 



Bp 2 (x )-B Ro (x ) 



\df\ : 



B P1 {x )-B Ro (x ) P2 



\df\' 



Bp 2 (x )-B Ro (x t) ) 



for any R < p x < p 2 . 

Proof. For the case K r < — /3 2 , we have from Lemma 4.4, Lemma 4.5 and the proof of 
Lemma 4.6, we have Y^=^ £ i( a; ) > 1 + (2m — 3)(3Rq coth(/3i? ) f° r x £ M — B Ro (x ). 
Then Theorem 4.13 follows immediately from Theorem 4.14. In a similar way, we 
may prove the case (b) by Lemma 4.4 and Lemma 4.5 and using the fact that the 
function -r^— is increasing. □ 

Notice that (4.33) is the key property that allows us to establish the monotonicity 
formulae outside a sublevel set of the exhaustion function $ in Theorem 4.13. Suppose 
now that / : M — > N is a pluriconformal harmonic map from a Kahler manifold. We 
may consider the stress energy tensor Sf as in Theorem 4.8. Let v be the unit outward 
normal vector field of B$(R ). By (4.18), we also have 



(4.38) 



S f (v, u)>0 



Similar to the arguments in Theorem 4.13 (see also Theorem 4.8), it is easy to deduce 
from (4.38) the following: 

Theorem 4.15. Let M , R and A be as in Theorem 4. 13. Suppose f : M — > N 
is a pluriconformal harmonic map. Then 



1 

7, 



B*(pi)-S*(Jio) 



M/l 2 < -i / 

Pi Je 



P2 J B*(p 2 )-B*(-Ro) 



for any R < p\ < p 2 ■ 
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Corollary 4.16. Let M , K r , R and A be as in Theorem 4-H- Suppose / : M — > N 
is a pluriconformal harmonic map. Then 




for any R < pi < p 2 ■ 

5. Holomorphicity and constancy of harmonic maps 

In this section, we derive some results about holomorphicity and constancy of har- 
monic maps between Kahler manifolds. Most of these results are direct consequences 
of the monotonicity formulae in last section. 

Theorem 5.1. Let M , Rq and A be as in Theorem 4-13, that is, $ is an exhaustion 
function on M, which is special on M — B^>(R ). Suppose f : M — >■ N is either a 
pluriharmonic map into a Kahler manifold or a harmonic map into a Kahler manifold 
with strongly semi-negative curvature. If 

(5.1) / \df\ 2 = o(R x ) (resp. [ \df\ 2 = o(R x )) as R -+ oo 

then f is holomorphic (resp. anti-holomorphic) . In particular, if E"(f) < +oo (resp. 
E'(f) < +oo), then f is holomorphic (resp. anti-holomorphic). 

Proof. The assumption J B ^ R ^ \df\ 2 = o(R x ) (resp. J B ^^ \df\ 2 = o(R x )) as R ->■ oo 
is equivalent to 

/ \df\ 2 = o(R x ) (resp./ \df\ 2 = o(R x )) as R -)• oo 

By (4.30) (resp. (4. 31)), we deduce that / is holomorphic (resp. anti-holomorphic) 
on M — B^(Rq). Since / is harmonic, it then follows as in [Sil] from the unique 
continuation property that df = (resp. df = 0) on the whole M. This proves the 
theorem. □ 

Corollary 5.2. Let M , A be as in Theorem \.3. Suppose f : M — ^ iV is either 
a pluriharmonic map into a Kahler manifold or a harmonic map into a Kahler man- 
ifold with strongly semi-negative curvature. If f satisfies the growth condition as in 
Theorem 5.1, then f is holomorphic (resp. anti-holomorphic). 

Corollary 5.3. Let M , <£>, A, / and N be as in Corollary 5.2. If f satisfies 

(5.2) / \df\ 2 = o(R x ) as R ->■ oo 

JBg,(R) 

then f is constant. In particular, if E(f) < +oo, then f is constant. 

Proof. By Corollary 5.2, / is both holomorphic and anti-holomorphic. Hence / must 
be constant. □ 

According to [Wu], a function on a manifold is called quasipositive if it is every- 
where nonnegative and is positive at one point. 
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Proposition 5.4. Let M be a Kdhler manifold possing a function $ with the proper- 
ties (4-1), (4-%) an d that X^i 1 £ i i s quasipositive, where S\ < E2 < ■ ■ ■ < £ m are the 
eigenvalues of the complex Hessian H(Q 2 ). Suppose f : M — >• N is either a plurihar- 
monic map into a Kdhler manifold or a harmonic map into a Kdhler manifold with 
strongly semi-negative curvature. If 

(5.3) / |d/| 2 <oc (resp. [ \df\ 2 < 00) 

J M J M 

then f is holomorphic (resp. anti-holomorphic) . In particular, if f M \df\ 2 < 00 then 
f is constant. 

Proof. First we assume that / is a pluriharmonic map satisfying E"(f) < 00. Set 
X = |V($ 2 ). Similar arguments as in the proof of Theorem 4.3 yield 

m—l 

(5.4) <S a ,We x >>(J2^i)\df\ 2 

i=i 

From Proposition 4.2, (1.12) and (5.4), we obtain 

m — l 

(5.5) div(i x S a ) > ($>i)l^/| 2 

i=i 

Clearly \ixS a \ < C(k2)$\df\ 2 for some constant C(&2)- Thus 

^ / \ixS a \ < 2C(k 2 ) [ \df\ 2 

K J B< s> (2R)-B< i ,(R) J B^{2R)-B^{R) 

By E"(f) < 00, we get 



liminf / \ixS„ \ = 

R^oo Jb*(2R)-b*(r) 

Then Lemma 3.3 yields 

(5.6) / div(i x S a ) = 

It follows from (5.5) and (5.6) that 

m—l 



/ ($>)|d/| 2 = o 

Jm ,_, 



' M i=i 

Since YlT-i^ £ i ^ s quasipositive, \df\ 2 vanishes on an open subset of M. Consequently 
df = on the whole M, that is, / is holomorphic. 

Suppose now that / : M — > N is a harmonic map into a Kahler manifold. If 
E"(f) < 00, then Corollary 3.7 implies that / is pluriharmonic. The remaining 
arguments are obvious. Thus we have proved this proposition. □ 
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Theorem 5.5. Let M be a complete Kdhler manifold with a pole xq. Suppose the 
radial curvature K r of M satisfies one of the following three conditions: 

(i) K r < 0; 

(ii) K r < with b e (0, 1/4]; 
(Hi) K r < (1+? g )1+£ with < B < 2e. 

Suppose f : M ^ N is either a pluriharmonic map into a Kdhler manifold or a 
harmonic map into a Kdhler manifold with strongly semi-negative curvature. If 



(5.7) f \df\ 2 = o(r x ) (resp. [ \df\ 2 = o(r x )) 



as r — y oo 



where 

{2m — 2 if K r satisfies (i) 

(m - 1) (1 + y/1 - 46) if K r satisfies (ii) 

2(m — 1)(1 — ^) if K r satisfies (Hi) 

then f is holomorphic (resp. anti-holomorphic) . In particular, ifE"(f) < +oo (resp. 
E'(f) < +°°)> then f is holomorphic (resp. anti-holomorphic). 

Proof. This follows directly from Theorem 4.7 and Theorem 4.10. □ 

Remark 5.1. The author in [Wa] proved that any harmonic map / : C m — > C n with 
E"(f) < +oo is holomorphic. 

Theorem 5.6. Let M be a complete Kdhler manifold whose radial curvature K r 
satisfies one of the following two conditions 

(iv) K r < -0 1 with /3 > 0; 

2 

(v) K r < -]4-r with a > 0. 

Suppose f : M — >■ iV is either a pluriharmonic map into a Kdhler manifold or a 
harmonic map into a Kdhler manifold with strongly semi-negative curvature. If 

(5.9) f \df\ 2 = o(r Ao ) as r ->■ oo 

J B r (x ) 

where A is either any positive number if K r satisfies (iv) or any positive number less 
than 1 + ( 2m ~ 3 )( 1 + 1+40 ) if K r satisfies (v), then f is holomorphic. In particular, if 
E"(f) < +oo, then f is holomorphic. Likewise, if we replace df by df in the previous 
conditions, then f is anti-holomorphic. 

Proof. First we assume that K r satisfies (iv) and / satisfies (5.9). Since xcothx 
is a nondecreasing function for x > and lim :E _ 5 ._|_ 00 cotha; = 1, there exists an Rq 
such that 1 + (2m - 3)(3R coth((3R ) > A Q . Then Theorem 4.14 implies that / is 
holomorphic. 

Next we assume that K r satisfies (v) and / satisfies (5.9) too. Notice that is 

an increasing function for r > and limj-^oo = 1. Clearly ^^(l+R^ y^ 1 > 1 an< i 
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1 + ( 2m 3 ^2(i+R^) 4a2 ^ R ~ — ^-o for a sufficiently large Ro- Hence we get from Theorem 
4.14 that / is holomorphic. □ 

Remark 5. 2. Let / : M — > N be a harmonic map from any complete Kahler manifold 
into a Kahler manifold with strongly semi-negative curvature. Notice that we assert 
in Corollary 3.7 (see also Remark 3.2), without assuming any curvature conditions 
on M , that if one of the partial energy has growth order less than or equal to 2 then 
/ is pluriharmonic. Suppose now that the radial curvature K r (M) satisfies one of 
the conditions in Theorem 4.7. We assert above that if the partial energy has growth 
order less than A, then / is iholomorphic. In most cases, A given by (4.17) may be 
larger than 2. However, it is easy to verify that A is less than or equal to 2 in following 
cases: 

{m = 2 if K r satisfies one of (i), (ii) 

2 < m < 1 + 2b if Kr satisfies (iii) 

Remarkably we may conclude for the case (iv) of Theorem 5.6 that if the E" — energy 
(resp. E' — energy) has polynomial growth in r, then / is holomorphic (resp. anti- 
holomorphic) . 

Corollary 5.7. Let M, N , f , A and Ao be as in Theorem 5.5 and Theorem 5.6. 
Suppose f : M — >■ N is either a pluriharmonic map into a Kahller manifold or a 
harmonic map into a Kahler manifold with strongly semi-negative curvature. If f 
satisfies 

( o(r x ) if M is as in Theorem5.5 
\ o(r A °) if M is as in Theorem5.6 

Then f is constant. In particular, if E(f) < +oo, then f is constant. 

Proof. It follows immediately from Theorem 5.5 and Theorem 5.6 that / is both 
holomorphic and anti-holomorphic. Hence / must be constant. □ 

Theorem 5.8. Let M be as in Theorem 4. 15 (resp. Corollary 4- 16). Suppose f : 
M — >■ iV is a pluriconformal harmonic map from the Kahler manifold M . If 

[ \df\ 2 = o(R x ) (resp. [ \df\ 2 = o(r x °)) 

then f is constant. In particular, if E(f) < +00, then f is constant. 

Proof. This theorem follows immediately from Theorem 4.15 (resp. Corollary 4.16) 
and the unique continuation theorem of harmonic maps (cf. [EL]). □ 

Remark 5.3. 

(a) For most of the results in this paper, we have to assumed m > 1 for the conditions 
on M. We cannot expect in general that the corresponding results hold in the case 
of m = 1. For example, there exit many harmonic maps from 5" 2 — > CP N which 
are neither holomorphic nor anti-holomorphic (cf. [EW]). Since R 2 is conformally 
equivalent to S 2 \{p}, it follows that there exit many harmonic maps R 2 —¥ CP N of 
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finite energy, which are neither holomorphic nor anti-holomorphic. 
(b) To establish Liouville Theorems for a harmonic map /, one may also consider the 
stress-energy tensor Sf. Usually some curvature pinching conditions on the domain 
manifolds are needed to obtain the Liouville theorems under the energy growth con- 
ditions (cf. [DW] for details). Note that in Corollary 5.7 or Theorem 5.8, we only 
assume some suitable upper bounds for K r to establish the Liouville theorems. 

In Proposition 3.4, Corollary 3.5, Theorem 3.6 and Corollary 3.7, we have deduced 
the pluriharmonicity of harmonic maps from any complete Kahler manifold M to 
a Kahler manifold with strongly semi-negative curvature under some mild growth 
conditions about the harmonic maps. In particular, all these harmonic maps satisfy 
(3.34). When N is an irreducible Hermitian symmetric space, we define an integer 
P(N) as follows (cf. [Si2]): 

if N = D 1 ™ 
if N = D IIp 
if N = D ih p 

if N = D iv p 
if N = D v 
if N = D VI 

where N denotes the universal covering space of N. We have the following: 

Lemma 5.9. (cf. [Sil,2]) Let f : M — >■ N be a smooth map between two Kahler 
manifolds. Then f is holomorphic or anti-holomorphic, provided (i) N has strongly 
negative curvature tensor, f is a harmonic map with (3.34) an d maxMrankudf > 4, 
or (ii) N is an irreducible Hermitian symmetric space of noncompact type, f is a 
pluriharmonic map with maxMfankudf > 2P(N) + 1, where P(N) is given by (5.11). 

From Lemma 5.9, we obtain that: 

Theorem 5.10. Let f : M — >■ N be a harmonic map from a complete Kahler man- 
ifold into a Kahler manifold. Suppose M and f satisfy the conditions as in one of 
Proposition 3.4, Corollary 3.5, Theorem 3.6 and Corollary 3.7. Then f is holomor- 
phic or anti-holomorphic, provided that (i) N has strongly negative curvature tensor 
and maxMrankftdf > 4, or (ii) N is an irreducible Hermitian symmetric space of 
noncompact type and maxMrankudf > 2P(N) + 1. 

6. Harmonic maps with CR Dirichlet boundary- values 

Let D C M m be a relatively compact domain with smooth connected boundary 
dD. For p G dD, we denote by H p (dD) the real 2m — 2 dimensional subspace of 
T p (dD) which is J invariant. The distribution H := {H p : p G dD} on dD is called 
the holomorphic distribution of dD. Suppose / : dD — > N is a map into a Kahler 
manifold N. We say that / satisfies the tangential Cauchy-Riemann equation <9&/ = 
on dD if for every point p G dD, II 1 ' o df (f ) = for any f G H$ n T^M, where 
IT 1 ' : TN <g) C — > T lfi N is the natural projection. It is easy to verify that / satisfies 
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(5.11) 



P(N) 



(p-l)( 9 -l) + l 
J(p-2)(p-3) + l 



2 
6 

11 



the tangential Cauchy-Riemann equation if and only if a annihilates any tangent 
vector in the holomorphic distribution H. 



Theorem 6.1. Let Di C M (i = 1,2) be two connected, compact smooth domains in 
a Kahler manifold such that D\ CC D 2 . Set D = D 2 — D\ . Suppose there exists a 
function $ G C 2 (D) satisfying the following properties: 

(i) k±(x) = Y^=i £ i( x ) i s quasipositive on D, where S\ < e 2 < • • • < £ m o,re the 
eigenvalues of the complex Hessian (^7); 

(ii) V\l/ = w(x)v on dDi with w(x) > for every x G dD\, where v is the unit 
outward normal vector field along dDi . 

Suppose f : D ^ N is a pluriharmonic map into a Kahler manifold N such that 
f G C 2 (D,N) and dbf = on dD 2 . Then f is holomorphic. 

Proof. Take X = |V^. Since / : D — > N is a pluriharmonic map, it follows from 
Proposition 4.2 that / satisfies the conservation law. By (1.14), we get 

(6.1) / s a (x, u) - f s a (x, u)= f < s a , ve x > 

JdD 2 JdD x JD 

Similar to (4.12), we deduce that 

< S a , V6 X > = \ < S a , Hess(V) > 

(6.2) <£ 

>h(x)\df\ 2 

on D. For any x G dD 2 , we have 

2S a (X, v) = ^k<vy,v> x -< <r(V*), a{y) > x 

(6.3) , 1 



2 

= —L < V^,z/ > x - < V^,v> x \a(v)\ 2 x - < (t((V*) t ),<t(i/) > x 

where (V\I/)t denotes the tangential projection of on T{dD). Since dbf = on 
dD 2 , we have 

(t((V*) t ) =< V#, Ju > a{Jv) 
From (2.12), we derive that 

(6.4) \a{v)\ 2 = \a{Jv)\ 2 

and 

< a(Ju),a(u) > =< a(J 2 v),a(Jv) > 
= - < a(u),a(Ju) > 

that is, 



'1 



(6.5) < a(Ju),a(u) >=0 
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Therefore 



2S a {X, u) =< V#,f > [- 



WW 



(6.6) 



=< V*, v > 
= 



\a(u)\ 2 + \a(Ju) 



on dD2- Similar to the argument in (4.33), we have the following 

w 

(6.7) 2 

> 



on dDi. From (6.1), (6.2), (6.6) and (6.7), we have 

(6.8) / MxPif <0 

Jd 

By assumption k\{x) > at some point x G D, then (6.8) implies that df = in a 
neighborhood [/ of p. It follows that / is holomorphic on D. □ 

It is clear that if D\ is a sublevel set of the function then the condition (ii) in 
Theorem 6.1 is automatically satisfied. 

Corollary 6.2. Let M , (i = 1,2) and f be as in Theorem 6.1. Suppose there 
exists a function ^ G C 2 (D) satisfying the condition (i) of Theorem 6.1. Suppose 
there is a real number c such that Di C {q G D : ^(q) < c} CC D. Then f is 
holomorphic on D . 

Proof. Set f>i = {q G D : V(q) < c} and D = D 2 - D\. Applying Theorem 6.1 to 
the pluriharmonic map / : D — >■ N, we deduce that / is holomorphic on D. Hence / 
is holomorphic on D. □ 

Note also that if Di = 0, the condition (ii) of Theorem 6.1 is void. Therefore we 
get 

Corollary 6.3. Let D C M be a compact domain in a Kahler manifold with smooth 
connected boundary. Suppose there exists a function \& G C 2 (D) satisfying the prop- 
erty that the function k\{x) = Xl^Li 1 £ i( x ) ^ s quasipositive on D, where S\ < Ei < 
• • • < £m ore the eigenvalues of the complex Hessian {^fj) ■ Suppose f : D — ?> iV is a 
pluriharmonic map into a Kahler manifold N such that f G C 2 (D, N) and d^f = 
on dD. Then f is holomorphic. 

Corollary 6.4. Let M be as in Lemma 4-6 and let D C M be any compact domain 
in M with smooth connected boundary. Suppose f : D — >■ iV is a pluriharmonic map 
into a Kahler manifold N such that f G C 2 (D,N) and dbf = on dD. Then f is 
holomorphic. 
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Proof. Take ^ = r 2 . Then Lemma 4.6 implies that ^> satisfies the assumptions of 
Corollary 6.3 on any connected, compact smooth domain D. Hence we prove this 
corollary. □ 

Remark 6.1. From the proof of Theorem 6.1, it is easy to deduce the following result. 
Suppose / : D — > N is a pluriconformal harmonic map from D. If df\n = for 
the holomorphic distribution H of dD 2: then / is constant. Here we have to use the 
unique continuation theorem of harmonic maps. Hence we have the corresponding 
results of Corollary 6.2, Corollary 6.3 and Corollary 6.4 for pluriconformal harmonic 
maps. However, the conclusion for / is the constancy instead of the holomorphicity. 

Notice that we don't assume any convexity conditions about dD and any curvature 
conditions on the target manifold in Theorem 6.1, Corollary 6.2, Corollary 6.3 and 
Corollary 6.4. In addition, the conditions about \1/ in Corollary 6.3 are weaker than 
those required in Theorem 4.3. 

Let M m be an m dimensional Kahler manifold and let q be a positive integer less 
than or equal to m. A function (p : M — >■ R of class C 2 is said to be q- plurisub- 
harmonic (resp. strictly q-plurisubharmonic) if, for each point x G M, the trace 
of the restriction of the complex Hessian H{ip) to any q dimensional complex vector 
subspace of T X M is nonnegative (resp. positive). 

Let D be a relatively compact domain in a Kahler manifold M m with smooth 
boundary dD. Recall that if g is a defining function for D, the Levi-form L{g) 
of q at x G dD is defined as the restriction of the complex Hessian H x (g) to the 
complex subspace H^°{dD) of T x (dD). According to [Si2], we say that D or dD is 
hyper-g-convex (resp. strongly hyper-g-convex) if D has a smooth defining function 
g such that the eigenvalues Ai,...,A m _i of the Levi-form L(g) on the holomorphic 
distribution H x (dD) at each point x G dD satisfy J2i=i ^ji > (resp. > 0) for all 
1 < ji < m — 1. The following Lemma is known (cf. [Si2], [NS]): 

Lemma 6.5. Let D be a hyper-{m — l)-convex domain in a Kahler manifold M m 
with smooth boundary. Let f : D — >■ iV be a harmonic map into a Kahler manifold 
with strongly seminegative curvature such that f G C 2 (D,N) and dbf = on dD. 
Then f is pluriharmonic. 

We now give an alternative proof of the following result in [CL]. 

Proposition 6.6. ([CL]) Let M m be a Kahler manifold and D a hyper-(m — 1)- 
convex domain in M with smooth boundary. Suppose there exists a plurisubharmonic 
function ^ G C 2 (D) so that (^fj) has at least two positive eigenvalues at some point 

in D. Let u : D — >■ iV be a smooth map into a complete Kahler manifold with strongly 
seminegative curvature. If u satisfies the tangential Cauchy-Riemann equation d^u = 
on dD, then there exists a unique holomorphic extension f of u. 

Proof. Clearly the strongly semi- negativity of the curvature tensor of iV implies the 
nonpositivity of the sectional curvature of N. By the existence theorem of Hamilton 
[Ha] and Schoen [Sc], there exists a unique harmonic map / : D — >■ N smooth up to 
boundary which solves the Dirichlet problem / = u on dD. 

By Lemma 6.5, we know that / is pluriharmonic. Clearly ^> satisfies the conditions 
of Corollary 6.3. Hence we conclude that / is holomorphic. □ 
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Remark 6.2. The notions of hyperconvex domains in [CL] is equivalent to the notion 
of hyper- (m — 1) -convex domains defined here. 

Theorem 6.7. Let D C M be a compact connected domain in a Kahler manifold 
with a smooth defining function Set D(c,0) = {x G D : c < ty(x) < 0} for 
some c < 0. Suppose the function ^ is (m — 1) -plurisubharmonic on D(c,0) and 
strictly (m — 1) -plurisubharmonic at some point of D(c, 0). Suppose N is a complete 
Kahler manifold with strongly seminegative curvature. Let u : D — >■ N be a smooth 
map satisfying the tangential Cauchy-Riemann equation d b u = on dD. Then there 
exists a unique holomorphic extension of u. 

Proof. As in the proof of Proposition 6.6, we have a unique harmonic map / : D — >■ N 
smooth up to boundary which solves the Dirichlet problem / = u on dD. 

Let E\ < 62 < • • • < £ m be the eigenvalues of the complex Hessian H(ty). Set 
X = and k\{x) = Y^i^ £ i{ x ) f° r x E D. From (1.13) , Lemma 4.9 and 

Remark 4.3, we have 

/ s a (x, u) - f s a (x, u)> f <s a ,ve x > 

JdD JdD c JD(c,0) 

where D c = {x G D : ty(x) < c}. By carrying out similar arguments as in the proof 
of Theorem 6.1, we may deduce that 

/ h(x)\df\ 2 <o 

JD(c,0) 

The assumptions on \1/ mean that k\ is quasipositive on D(c, 0). It follows that 
/ : D — > N is holomorphic. □ 

Finally we give the following result: 

Theorem 6.8. Let M be as in Theorem 4-3 (resp. 4-1). Suppose f : M — >■ iV is 
either a pluriharmonic map into a Kahler manifold or a harmonic map into a Kahler 
manifold with strongly semi-negative curvature. If 

(6.9) liminf( J R / \d b f\ 2 )=0 (resp. liminf(r / \d b f\ 2 )=0) 

R ^°° JdB^iR) r ^°° JdB r (x ) 

then f : M — >■ iV is holomorphic. 

Proof. Without loss of generality, we assume that M satisfies the conditions in The- 
orem 4.3. Set X = $V$ . For a regular value R of $, we have the unit outward 
normal vector field v = along dB^(R). Using (6.4), we derive that 

S a (X,u) = R\vn^f- < <r(v)M") >} 

< R^fk~ 2 \d b f\ 2 
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(6.10) 



Likewise we have (6.2) on each Bq>(R). By the assumption, there exists a sequence 
{Ri} such that 

(6.11) lim Ri [ \d b f\ 2 = 

JdB r .(x ) 

It follows that 

/ A|a/| 2 = o 

J M 

where A is given by (4.4). Therefore / is holomorphic. □ 
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